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Abstract. Geometricstraight-lineprogramg[6, 10] canbe usedto model geo-
metric constructionsandtheir implicit ambiguities.In this paperwe discusshe
compleity of decidingwhethertwo instance®f thesamegeometricstraight-line
programareconnectedy a continuougath,the Complex Readability Problem

1 Introduction

Straight-lineprogramsand randomizedtechniquedor proving their equivalencedid

find their applicationin geometrictheoremproving. Using estimatedor the expected
numberof rootsin a randomsampleof evaluationsof a polynomialwe canprove ge-
ometrictheoremswith muchlesscomputationakffort thanusual[3, 14], for example
comparedo symbolicmethodsusingGrobnerbases.

An apparentravbackof polynomialsis thatwe have to referto systemsof poly-
nomial equationsassoonaswe wantto describetheoremsnvolving circlesor conics.
Althoughtherearevery powerful methoddo dotheoremprovingin thesecontexts (e.qg.
Wu’'s method,see[1, 13)), it is desirableto have a conceptik e straight-lineprograms
thatis ableto describeconstructve theoremsandis able to modelthe dynamicas-
pectsof theoremsasthey occurin dynamicgeometrysystemsTheimplementatiorof
one dynamicgeometrysystem[9, 8] causedhe definition of geometricstraight-line
programs which areoneway to approacttheaboveissues.

One questionthat must be settledbeforewe could usetechniquessimilar to the
methodsof SchwartzandZippel[11,7] to prove geometricheoremss the questionof
(complex) reachability:Canwe move oneinstanceof ageometricheoremcontinuously
into anotherinstance? his paperdescribedirst resultson the algorithmiccomplexity
of this question.

2 Geometric Straight-Line Programs

Geometricstraight-lineprogramsextendthe conceptof straight-lineprogramgseethe
book of Burgisseret. al [2] for a detaileddiscussiorof straight-lineprograms)Infor-



mally, astraight-lineprogram(SLP)is asequencef operationgusuallyaddition,mul-
tiplication, subtractionandsometimedlivision) thatoperateon a certaininput (usually
valuesof somealgebraA) or intermediatgesultsfrom previousoperations.

Straight-lineprogramsareimportantdueto thefactthatthey provideaverycompact
descriptionof multivariatepolynomials(or rational functions,if we allow divisions).
The degreeof the polynomialscanbe muchhigherthanthe lengthof straight-linepro-
gram(up to doublyexponential).

In [6] it is showvn thatgeometricconstructionsisingpointsandlinesasobjectsand
meetsandjoins asoperationsareequialentto straight-lineprogramsover IR or C. In
away this is a consequencef von-Staud approachwho hasshavn thatthereis a
coordinate-freelescriptionof projective geometry{4].

As soonaswe want to describeconstructionghat involve ambiguousoperations
(like Intersection of Circle and Line, Intersection of Circle and Circle, or Angular Bisector
of two lines) the conceptof straight-lineprogramdails. Bettersaid, it is not possibleto
describeconstructionswith varying input parametershat behae continuouslyusing
straight-lineprograms.

Geometricstraight-line programs (GSPs)are a way to keepa concisealgebraic
descriptionevenfor constructionsnvolving ambiguousoperationsThe operationsof
a straight-lineprogramarereplacedby relationsfrom a suitablerelational instruction
set(RIS) The objectscanbe choosenrarbitrarily, aslong asthey matchthe relations.
In this paperwe will dealwith the complex numbersC asobjectsandthe RISR :=
{+,—,*,£+4/-} only, andwe will emphasizehis sometimesy calling themcomple
GSPs

Again, we referto [6] for a moreformal anddetaileddescriptionHerewe rely on
thereadersintuition andintroducegeometricstraight-lineprogramsausinganexample.

Examplel (A GSPon (C,R)). Hereis a GSPencodingthe expressiont+/z2 + 2,2,

with two input variables.The negative indicesdenoteinput variables,the otherones
index theintermediataesults.All statementseferto the indicesof previousresultsor
inputvariables.

Index|| Statement Remark

-2 V) Input
-1 V4l Input

0 |I*(-1,-1) 7?2

1 ||x(-2,-2) 22

2 || +(0,1) || zn°+22
3 :t\/:(Z) +1/212 4+ 2,2

A fundamentatlifferencebetweerordinarystraight-lineprogramsandGSPsis that
we cannofjust “run through”the statement®f a GSPin orderto calculatethe expres-
sionfor a giveninput. Thisis dueto the factthattherelationscanhave differentvalid
outputsfor the sameinput. This givesrise to the notion of aninstanceof a GSP an
assignmenof theinput parameterandall intermediateesultsthatis compatiblewith
therelations.
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Example2 (Instanceof a GSP).An instanceor the GSPaboveis givenby

Index||Valug| Remark

-2 3 Inputz,
-1 4 Inputzy
0 16 212
1 9 22

2 || 25| z2+22
3 —5 ||[£v/212 + 22

Obsenrethatall but thelastvaluearedeterminedy theinput,andthereis only one
otherinstancewith the samenput (wherethelastvalueis 5).

2.1 Moving GSPs

For polynomials,or straight-lineprogramsijt is easyto speakaboutdynamicchanges
of theinput parametersSincethe valueof all intermediateresultsof an SLPis deter
minedby the input, we canvary the input parametersndrecalculatehe polynomial.
Of course the intermediateesultsare polynomialsin the input variables,andassuch
they areanalyticfunctions,in particularcontinuous

If wewantto dothesamewith GSPave mustspecifyhow to resolve ambiguitiesA
naturalrequirementvould be thatthe intermediateesultsshouldbe continuousfunc-
tionsin theinput parametersA directconsequencis thattheintermediateesultsmust
beanalytic[6] in thefollowing way: LetU := (uy,...,uUn),V = (V1,...,V) € C" betwo
inputsfor acomplex GSRandlety: [0,1] — C" beapathfromy(0) =U toy(1) = V. If
we canfind instance®f the GSPfor every A € [0, 1] suchthateveryintermediateesult
is ananalyticfunctionin A for A € (0,1) anda continuousunctionfor A € [0, 1], then
theseinstancegorm ananalyticpath.

Herearetwo examplesshoving the subtilitiesof analyticpaths:

Example3 (Squae Root). Take the complex GSPwith one input that hasthe ++/+-
Relationasthe oneandonly statementandconsiderthe path

v:[0,1] » C
yo) = ™

For eachof thetwo possiblechoicesat A = 0 thereis a uniqueassignmentf instances
for A € (0,1] to form ananalyticpath,which s the properbranchof thecomplex square
root function. Thevalueof thesquarerootatA = 1 will bethe negative of the valueat
A=0.

We canfind this pathby doing analyticcontinuationsalongy, andherein this ex-
ampleit is clearthat we cando this for all pathsavoiding O for A € (0,1), andonly
these.

Example4 (Rootsof squaes). Take the complex GSPwith oneinput z andwith two
statementsfjrst multiplying the input with itself andthenthe +./--Relation.The first
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intermediateesult,the squareof theinput, is determinedby theinput, andsinceit is a
polynomial,it is analyticin theinputz, soit is analyticfor any analyticfunctiony.

The secondrelation can be simplified to either+z or —z, but not to the absolute
valuefunction |X|, sincethis would destry analyticity. We do not have to considera
specialpathto obsenethis, it holdsfor ary path.

In the secondexamplethereis not always a needto avoid the O for the square
root function, for examplefor the pathy(A) = 2\ — 1 thereareinstanceghat male it
analytic.However, in mostconsiderationgt will be a goodideato avoid ary zerosof
squareoots,sincethesearethecritical pointswheresingularitiescanoccut

3 Complex Reachability and Testing of Polynomials

A problemin straight-lineprogramanalysisis to decidewhethera given straight-line
programis equialentto anotherone,i.e. whetherit describeghe samepolynomial(or
rational function). The algorithmic compleity of this decisionproblemis unknown,
but thereexist polynomial-timerandomizedalgorithms[11]. The main obstaclas that
we canneitherhandlethefull, symbolicexpressiorfor the polynomial,sincethe coefi-
cientsandthe degreeof the polynomialcanbelarge, nor the evaluationof the straight-
line programfor sufficiently largenumberssincethe codinglengthfor theintermediate
resultsbecomedoo large.

If we could find an algorithm to test equivalenceof straight-lineprogramseffi-
ciently, thentheir rangeof applicationcouldbe extendedo efficientencodingf large
numberslt would alsobe possibleto derive efficient deterministicalgorithmsto prove
geometricheorems.

We will now formulateaversionof this decisionproblemwhichis equivalentto the
equivalencetestingproblem.

[SLP zero testing] Given a division-freestraight-lineprograml” over @ with
oneinputvariable.Is the polynomial p encodedy I thezeropolynomial?

We will shaw thatthis problemis atmostashardasdecidingwhethemwe canmove
analytically from oneinstanceof a GSPto anotherinstanceof the sameGSPthatis
differentat exactly oneintermediateesultby giving a polynomialtransformatiorfrom
[SLP zero testing] to thefollowing decisionproblem:

[Complex Reachability Problem] Given two instancesf a comple« GSPwith
oneinputvariablethatdifferin exactly oneintermediateesult.ls it possibleto
move analyticallyfrom thefirst instanceo the second?

We will provethefollowing theoremywith thecorollaryasaneasyconsequence.

Theorem 1. There is a polynomialtransformationof [SLP zero testing] to the [Com-
plex Reachability Problem], i.e. we can answeran instanceof [SLP zero testing] by
transformingit to an instanceof the [Complex Reachability Problem] and answering
this.

Corollary 1. The[Complex Reachability Problem] is algorithmicallyat leastashard as
[SLP zero testing].
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